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Abstract-In this paper, we give a regulariaation of delta function for an analytic function with an 
isolated singularity. The regularization is given by means of a resolution of the singularities. 
1. INTRODUCTION 
Let g(z) : R” - R be a real analytic function. We suppose that g(z) has an isolated singularity. 
Then, by the suitable coordinate transformation, we can assume that the singularity is at the 
origin in llP from the beginning. In this case, the delta function S(g(z)) is not well-defined at the 
singular point. In mathematical physics, such a delta function appears in a gauge theory with 
the path integral as the singular gauge fixing problem. In this short paper, we propose a method 
to regularize the integral 
1 = 
I 
Q(z)) V(Z) dz (I) 
at the singular point, where cp E Cr(lP). If g( ) z is smooth, then due to Gel’fand-Silov [l] we 
can directly calculate it in the manner: 
where w is an (n - 1)-form defined by 
wAdg(x)=dxlA-.-Adx,. 
For the singular case, this treatment fails. Hence, Gel’fand-Silov evaluated the integral over 
g(z) = t (for sufficiently small It]), and expanded asymptotically the integral for t. Our purpose 
is to show that the integral of this type is uniformly regularized with a definite method. In 
Section 2, we give a general theory, and in Section 3, for an analytic function of g(z), we show 
an example where the torus embedding is used. In Section 4, we discuss the contrast between 
our method and Gel’fand-Silov’s one. 
2. DEFINITION AND FORMULATION 
Let g(z) be a real analytic function defined at a neighborhood of origin in BP, such that g(0) = 
dg(0) = 0. Let Y be a non-singular real analytic n-dimensional manifold, U be a neighborhood 
of 6 E lP, and A : Y - U c Wn a proper analytic mapping such that at each point of the set 
S = r-l(6), there exist local coordinates (~1,. . . , Y,,) in the neighborhood of the each point of S. 
We call this a resolution of singularity [2] when the following conditions are satisfied: 
(1) (go r)(yi,. . . , yn) = fy; . . . yk, where li (i = 1 , . . . , n) are non-negative integers. 
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(2) The Jacobian J, of the mapping r has the form 
where J?r(yi , . . . , yn) is a function such that x(0,. . . ,O) # 0, and rni (i = 1,. . . ,n) is a 
non-negative integer. 
(3) In a neighborhood U of 0’ in In, 7~ is an analytic isomorphism outside a proper analytic 
subset in 1”. 
Supposing the existence of the resolution of singularity 7r : Y - U, we define the composition 
s 0 g as follows: 
for cp E Cr(llV). 7r* dx and dew are the pullbacks of the volume form dx and the (n - 1)-form w 
by K, respectively. The sum over cr represents a partition of unity. Let V = g-l(O), and then the 
space W is expressed by n-l(V). Let v be the proper transform of V which is defined by the 
closure in Y of n-‘(V - (0)). Th en, we define the regularized delta function (6(g), (~)~~s by the 
integral over the proper transform P which is the restriction of the integral over W to v. That 
is, 
(%)Y dreg := cl 
Q 
,(cp O r) (Pa 7T* w- 
The practical calculation by this definition is performed with the torus embedding (see Section 3 
for detail). 
3. TORUS EMBEDDING AND EXAMPLES 
We interpret simply the notation (see the detail of the torus embeddings in [3,4]). Let 
S(Zl,*.. , zn) = C, a,,~” be the Taylor expansion of g where zV = zt;’ . . . zEn. The Newton 
boundary I’(g) is the union of the compact faces of I’+(g), where I’+(g) is the convex hull of the 
union of the subsets V+ (R+)n of R” for v such that aV # 0. For any face A of I’(g), we associate 
a polynomial gA = EVeA ovzV. We say that g is non-degenerate on A if 
8fA afA o - = . . . = - = 
az1 %L 
has no solution in (cC*)n. We say g is non-degenerate if g is non-degenerate on any face A of l?(g). 
Let N+ be the space of positive vectors of the dual space l@? g In. We denote the vectors in N+ 
by column vectors. For any vector P = ‘(PI,. . . , p,) of N+, we associate the linear function P(x) 
on I’+(g), which is defined by P(z) = Cycl pixi for x = (xi,. . . , z,) E l?+(g). Let d(P) be the 
minimal value of P(x) on I’+(g) and let A(P) = {x E l?+(g); P(x) = d(P)}. We introduce an 
equivalence relation N in N+ by P N Q if and only if A(P) = A(Q). This defines a conical 
polyhedral subdivision r*(g) of N +. r*(g) is called the dual Newton diagram of g. Let C* be 
a fixed unimodular simplicial subdivision of I’*(g) [4]. For a given Newton boundary l?, we can 
construct a complex manifold X(P) and its projection ?r : X(F) - Cc” (see [3]). The transition 
functions between the local maps of the manifold X(r) are real on real parts of the manifold X(r). 
We denote it by Y(I). The restriction of the projection r to Y(I) is also denoted by 7r. By 
the construction of the torus embedding [3], X is covered by afFine space Cc: with coordinate 
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Ya = (Ya.1,. . *, Y~,~), where CJ moves in an n-dimensional cone of C*. An n-simplicial cone is 
always identified with a unimodular n x n matrix. The corresponding cone in C* is defined by 
{C;C1t,Pi; t1,. . . ,t, 2). Pl,. . *, P,, are called vertices of the simplicial cone (T. Let Q = (pa) 
be an n-simplicial cone. We denote also the cone by (PI,. . . , P,). We may assume that a vertex 
P = $1,. . f ,2&d of’r*(i?) is a primitive integral vector. If P is strictly positive (i.e., pi > 0 for 
each i), A(P) is a compact fact of I’(g). Then we have the following lemma. 
LEMMA. (See [5].) Let g(z) b e a real valued real analytic function germ at 6 E W”. Let C* be 
a simplicial complex. We assume that any dual vector Pi = t(pli,. . . ,p,i) of I’*(g) is strictly 
positive. Then, the mapping X(CY) : Rn( 0 ) --+ Rn at the coordinate neighborhood lRn(a) of Y(r) 
for n-simplicial cone ff = (PI, . . . , P,) E C has the following properties. 
(1) The lift g o ~(0) of g(z) is given by 
(9 0 T(0)) (Yl, . . . , Yn) = YF . . . Y:‘p”‘sJY1, * * * , Yn>, 
where g,(O, . . . ,O) # 0. 
(2) The Jacobian of ~(0) is given by 
J ml m(o) = Yl . --Yn m, .c 7 
where rni = iPi( - 1, (PiI := &pji(c), and C # 0. 
(3) The set in which ~(0) is not an isomorphism is the union of some coordinate planes. 
Then, by the lemma, for the Newton boundary I’(g) = I? of the non-degenerate g, we have 
the fact that the mapping K : Y(I’) - R” satisfies the condition (l)-(3) of the resolution of 
singularity [5]. 
Using the above lemma, our integral (6(g), ‘p) is written as 
(a(g)7 ‘p) = 5 l.+,tvl,...,, n )=J’p O X”)cp& w* 
The lift ~F*W of the (n - 1)-form w [4,6] on RF is given by 
where a(Pi) = IPil-d(Pi)-1, and the form (dy,,l~. . *AdyO,n/dga) represents the Gel’fand-Leray 
form w0 such that w, A dg, = dy,l A.. . A dy,,,. Then we have 
According to the definition of the regularized delta function in Section 2, we obtain 
dy, n 
dy,,l A.. . A 2 
6 > 
. 
This quantity is uniquely defined if there exists a resolution of singularity by the torus embed- 
ding. Here, we need the condition of the non-degeneracy of g(z). Note that the (n - 1)-form 
(dY,l A . . . A dgO,n/dg,) does not vanish on go@) = 0. For a(P), we can easily show the next 
lemma. 
LEMMA. For strictly positive dual vector P, we have the following results: 
(1) In the n = 2 case, (Y(P) < 0 for any P. 
(2) In the n 2 3 case, there exists the weight P such that a(P) 2 0. 
Note that, for smooth g(z), it can be easily proved that o(P) 2 0, and hence, we do not need 
our regularization. Now, 
dual Newton diagram of 
complexes, is given by 
we examine the example for g(z,Y) = z3 - y2 (in case n = 2). The 
I’(g), which is obtained by the subdivision to unimodular simplicial 
9 T1 p T2 p 2 
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where P = t(2,3), Tl = ‘(l,l), PI = ‘(l,O), T2 = ‘(1,2), and P2 = t(O,l). Let ol = (Tl,P), 
CTP = (P, Tz), 03 = (P3, Tl), and cr4 = (P2, T2) be simplicial cones. Then the above regularized 
integral is given such that 
(%J)v dw = t: {J K cp O ru,) (P&=1 YF2 dY2 - Kcp O TIT,,) (P&z=1 YF2 dY1 
a J 
+ J [(cp 0 TO,) %ly2q/;2 dY1 - J [(cp O %) %ly2=y;2 dY1 1 * 
4. EVALUATION WITH ASYMPTOTIC EXPANSION AND DISCUSSION 
As mentioned in the Introduction, Gel’fand-Silov [l] gave the evaluation of our integral (1) by 
use of an asymptotic expansion. However, it is difficult to obtain explicitly the power index of 
the expansion. The situation is similar to the work of Malgrange [7] in the complex case. On the 
one hand, Varchenko [5] showed that the power index of the asymptotic expansion of oscillating 
integrals was obtained by the Newton boundary. In this section, we remark that the integral 
Jgct cp w is also evaluated by the Newton boundary. Of course, the result is included in those 
of Varchenko [5]. However, since it has not been described explicitly, we give the outline of the 
results. 
Now, we define the integral I&(cp, X) as follows: 
where g* = max{*g(z), 0). Then, we have 
By Inverse Mellin transformation, we obtain 
J ‘pw = & P.V. J 
r+ioo I&,X)(&t)-'-I dX, (*t > O), 
{g=t) ~-&I 
where 7 is a sufficiently large real number, and P.V. represents the Cauchy’s principal value. We 
use the next known lemma. 
LEMMA. (See [l].) If I+(cp, A) has the poles X = --Xl, -X2,. . . (XI < Xp < -. -) of the order 
kl,kz,..., respectively, then 
J 
00 kj 
{g=tI 
VW fv ~~a;kkA~-l(logt)k-l, 
j=l k=l 
for c --f +0, where 
aj+k = (-Q”-l x 
(k - l)! 
coefficients of (x +lAj)k in Laurent expansion of I+(p, A) . 
Similar results hold for I_ (cp, A). 
By Varchenko [5], for any P E C, the pole positions of I&(cp,X) belong to the arithmetic 
progressions: 
1 
-1, -2,. . . , for (d(P), PI - 1) = (LO), 
-@p-g+...> for (d(P), PI - 1) # (LO), 
which can be obtained directly from F+(g) ( see the detail in [5, Theorem 0.101). Hence, by the 
above lemma, we obtain the practical form of the asymptotic expansion of JjsZtj cp w for ItI + 0 
from the information of the Newton boundary. However, in the limit, it seems to be difficult to 
define generally the regularization for ItI + 0 in this procedure (i.e., it is hard to calculate the 
residue from the expansion). 

